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This paper is the second of a series devoted to a molecular dynamics study of a two 
dimensional ODIC crystal which can be viewed as the schematization of the real 3d 
plastic NaCN. In this paper we are mainly concerned with some static and dynamical 
properties of the model namely the translational lattice phonons, the correlations 
between neighbouring molecules orientations, the collective behaviour of the reorienta- 
tional processes and the influence of the rotation-translation coupling effect. This last 
effect being strongly dependent on the characteristic times of the rotational dynamics 
compared to the inverse frequencies of the translational lattice modes, we have run two 
different molecular dynamics experiments with two different values of the moment of 
inertia of the dumbbells which in our model figure the CN- ions. The relevant collective 
correlation functions have then been computed and the outcoming informations are 
analysed and compared with the results of the presently available theories of Y. Yamada 
and of K. H. Michel which both assume a linear orientation-translation coupling. 

1. INTRODUCTION 

The rotation-translation coupling is known to be an important feature 
for a large class of molecular crystals. This coupling is mostly im- 
portant in the high temperature disordered phases, named ODIC, 
where the centers of mass still form a regular lattice whle molecular 
orientations already display some disorder. Indeed, in those phases, 
the rotational dynamics involve both librational oseillations around 
some preferred orientations and large amplitude reorientations from 
one preferred orientation to another. However, the steric hindrance in 
the crystal generally implies that a reorientational process should 
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304 M. YVINEC 

occur simultaneously with a displacement of the centers of mass of 
neighbouring molecules. The lugh temperature cubic phases of alkali 
cyanides (NaCN, KCN, RbCN and CsCN) are well known examples 
of such ODIC phases with strong rotation-translation coupling. Ex- 
perimental evidence of tlus coupling arises from ultrasonic,' Brillouin* 
and neutron3 scattering data which show an anomalous upward curva- 
ture of the transverse acoustic branch in the [loo] direction of the 
wavevector and a critical softening of the shear elastic constant C, as 
the transition temperature to a more ordered phase is approached. 

From a theoretical point of view, the description of ODIC phases is 
complicated by the lack of well defined equilibrium positions and the 
large amplitude rotations of the molecules. In their work on the 
structural phase transitions in molecular crystals, Y. Yamada et aL4 
described the rotational dynamics through a pseudo-spin stochastic 
variable. More recently, K. H. Michel et al?' used symmetry adapted 
functions of the angular coordinates to describe both the static and 
dynamical properties of such systems. In both cases, the translation- 
rotation coupling was described through a bilinear term involving the 
orientational variables and the normal coordinates of the phonon 
lattice modes. 

In other respects, the recent improvement of computer efficiency 
allows to perform numerical simulations whch appear to be precious 
tools in the study of disorder system in general and ODIC phases in 
particular. For example, M. L. Klein and J. J. performed a 
molecular dynamics simulation of the disordered (or p )  solid phase of 
N,. G. S. Pawley and G. W. Thomas" used the full power of a 
distributed array processor to simulate a large crystal of SF, allowing 
to study the plastic to crystahne phase transition. M. L. Klein et af. 
have performed a series of numerical simulations of the hgh tempera- 
ture alkali cyanide crystals RbCN," CsCN,12 NaCN and KCN.13,14 
These authors used a simple model of interionic forces which includes 
an atom-atom (exp. 6 )  potential plus coulomb forces and succeeded in 
reproducing the main features of alkali cyanides, particularly the 
anomalous softening of the transverse acoustic branches in the [lo01 
wavevector direction. Furthermore, they made clear that the charge 
distribution of the CN- ions has a crucial influence on the shape of 
the static orientational probability density function. In one paper of 
thls series, R. M. Lynden-Bell and M. L. Kleid4 performed a theoreti- 
cal analysis of the translation-rotation coupling as it appears in their 
system and showed that a Mori type approach similar to the theory 
developed by K. H. Michel provided a good description of the 
dynamics of the simulated crystal. 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 1

3:
23

 2
0 

Fe
br

ua
ry

 2
01

3 



MOLECULAR DYNAMICS OF AN ODIC PHASE 305 

The preceding approach has as an objective to reproduce as closely 
as possible, all the known experimental facts on the alkali cyanides. 
The 3d aspect of the calculation, as well as the best quality of the 
potential were thus two prerequisites of these calculations. The price 
which had then to be paid was the small size of the specimen 
understudy, and thus the very small number of independent points in 
the Brillouin zone which could be reached. In this as well as in the first 
paper of this seriesI5 (hereafter referred to as I) we have decided to 
take a different philosophy. Having in mind to study specifically the 
reorientational processes and the related translation-rotation coupling, 
we have chosen to perform molecular dynamics simulations for a 
simple 2d model which can be regarded as a 2d schematization of 
plastic NaCN. The choice of a 2d model made the computational 
work faster which allowed us to simulating a relatively large sample of 
10 x 10 unit cells (instead of the 2 X 2 x 2 or 3 X 3 X 3 fcc sample 
in Klein et al. calculation) providing thus information about points of 
the Brillouin zone with a spacing of one tenth of the reciprocal lattice. 
Furthermore, it is clear (see e.g.4*6r7) that the important physical 
quantity which governs the translation-rotation coupling is w ~ T ~ ,  where 
wq is the frequency of the involved translational phonon, and T~ a 
characteristic time of the individual reorientation process. To study 
the related effects, we have chosen to vary arbitrarily, I ,  the moment 
of inertia of the dumbbell (which corresponds to the CN- ion in our 
calculation), leaving all other quantities unchanged. Two different 
computations have thus been performed, one with a value of I typical 
of the actual NaCN situation i.e. togo = 1 for zone boundary acousti- 
cal phonons, the other one for a value of I 8 times larger, so that only 
zone center acoustical phonons match the = 1 condition. The 
purpose of the present paper which is just the following of I is to 
describe the results obtained in our numerical study of these models, 
for both some typical static and dynamical correlation functions. 

Before coming to these results (in parts IV-VI), we shall first, in 
part 11, recall the main features of the simulated model and give a 
short presentation of the two numerical experiments. Then, in part 111, 
we recall briefly the main results of the Glauber Yamada4 theory 
concerning the linear pseudospin-phonon coupled systems, results 
which can serve as a guideline in the description and interpretation of 
the numerical data arising from our simulations. In part IV the 
dispersion curves and the linewidths of the phonon lattice modes are 
discussed. Part V is devoted to the study of the static orientational 
correlations which appear to be strongly anisotropic and directed 
along the [Ol] and [lo] crystal axis. The collective behaviour of the 
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306 M. WINEC 

reorientational processes appear in the wave number and frequency 
dependence of the rotational correlation functions which are presented 
in part VI, and compared with the central component arising in the 
spectrum of certain translation-translation correlation functions due to 
the coupling between reorientations and translations. Finally, in the 
appendix, the theoretical treatment of K. H. Michel et al. is applied to 
our system and in particular we give an estimation of the linear 
translation-rotation coupling coefficient. 

II. THE MODEL AND THE TWO MOLECULAR DYNAMICS 
EXPERIMENTS 

a )  The simulated system can be described as a two dimensional 
ionic compound A +  XY -, where the anion XY - is a rigid, symmetric, 
dumbbell of length d whch is bound to lie in the plane of the system. 
Our model includes only pair interactions which are coulomb forces 
and short range repulsive forces. The short range repulsive forces are 
limited to the interaction between each end of the XY- ions and the 

300 I 

FIGURE l a  Characteristic frequencies in the case of the light moment of inertia (case 
of RUN A); full line: dispersion curves for the low temperature ferroelastic structure 
(q//[lO]); dashed line: density of librational excitations in the case of RUN A 
(arbitrary horizontal scale). 
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MOLECULAR DYNAMICS OF AN ODIC PHASE 307 

FIGURE l b  Characteristic frequencies in the case of the heavy moment of inertia 
(case of RUN B); full line: dispersion curves for the low temperature ferroelastic 
structure (q//[lO]);  dashed line: density of librational excitations in the case of RUN B 
(arbitrary horizontal scale). 

surrounding A+ ions. The dumbbell XY - is assumed to have a head 
and tail symmetry and this interaction derives from a Born Mayer 
atom-atom potential of the form he-'/'o. As far as coulomb forces 
are concerned, each ion, A+ or XY -, is considered as a monopole of 
charge k q located at the center of mass, as the higher moments of the 
charge distribution are neglected the electrostatic part of the potential 
is independent of the molecular orientations; it is to be noted that, 
with such a system of interactions, there is no direct coupling between 
the orientations of neighbouring dumbbells. 

The exact low temperature structure corresponding to that model is 
not known and may in fact be rather complicated, and includes many 
formular units in the unit cell. However, we have shown in I, that 
starting from a simple Bravais square lattice which is unstable a 
ferroelastic shear distortion leads to a structure dynamically stable at 
least in the harmonic approximation. In this structure the basis vectors 
of the Bravais lattice have an equal length ( a  = 3.88 A) and form an 
angle of 82", the XY- dumbbells being aligned along the longest 
diagonal of the unit cell. In fact, this ferroelastic distorted structure is 
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308 M. YVINEC 

certainly a realistic approximation for the actual structure of the low 
temperature phase of the simulated crystal. 

b )  The simulation uses the classical molecular dynamics technique. 
The simulated crystal includes an original sample of 10 X 10 unit cells 
(100 formular unit A' XU-) which is periodically repeated in the 
usual way. The coulomb interaction is handled via the method of 

X'  

x 5  

/ 

X !  

.. 

x5 

q x = q s  

q x=0,3 

'c. TO 4 

loo TO 200 cm-l 

-, I 
50 100 150 200 250 cm-' 

FIGURE 2a The power spectra U + ( i j , u )  relative to the transverse hsplacement of 
the A +  ions. The wave vector Tj is parallel to the direction [lo] and its component qx is 
indicated in unit of 2.n/a. The indicated vertical scales correspond to an arbitrary unit. 
Figure 2a is relative to the RUN A experiment. 
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MOLECULAR DYNAMICS OF AN ODIC PHASE 309 

Ewald sums16 and the equations of motion are integrated through the 
standard Verlet algorithd7 with a time step of s. This time step 
is approximately one tenth of the shortest characteristic evolution time 
of the system (the highest optical frequency being slightly under 300 
cm-' as will be seen on the dispersion curves (Figures l a  and Zb)). 

As already mentioned in the introduction, the results presented 
below concern two different molecular dynamics experiments. In the 
first one, called RUN A, the moment of inertia of the XY- dumbbells 

x 5  

x l  

XE 

X 

x 5  

4 x=0,3 

FIGURE 2b Same as Figure 2a relative to the RUN B experiment. 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 1

3:
23

 2
0 

Fe
br

ua
ry

 2
01

3 



310 M. W I N E C  

was assigned a numerical value such that the mean librational 
frequency (about 120 cm-’) would match with the frequency range of 
the zone boundary phonons. In the second one, RUN B, this moment 
of inertia was modified by a factor 8 so that the librational frequencies 
match only with the acoustical phonon branches near the zone center 
(cf. Figure Z). Furthermore, RUN A corresponds to a kinetic temper- 
ature of about 300 K and RUN B to a temperature of 400 K, 
temperatures at whch the system was actually found to be in a 
disordered ODIC phase. RUN A was carried out on a Cyber 750 
computer and included in fact two independent experiments, each of 
whch, after a few hundred steps of thermalization, was run over 5120 
steps. RUN B includes 20000 steps after thermalization and was 
carried out on the Cray 1 computer of the CCVR. The numerical value 
used for the potential parameters and the thermodynamic characteris- 
tics of the two runs are listed in Tables I and 11. 

Table I1 also contains the root mean square displacements of the 
centers of mass ( / ( u ’ , )  and /-) obtained in our simulation for 
both ion species. These values can be compared with the correspond- 
ing Debye Waller factor computed for the ferrodistorted (low temper- 
ature) ordered structure, at the same temperatures (300 K and 400 K), 
through an harmonic approximation. The values obtained in the 
molecular dynamics simulations are approximately twice as large as 
those deduced from the ordered ferrodistorted phase, though, as we 
shall see in part IV, the translational phonon frequencies have ap- 
proximately the same values. This fact already stresses the importance 
of the translation-rotation coupling, the additional contribution to the 

TABLE I 

Numerical values of the different parameters used as input data 
in the computer simulation 

Coulomb interaction = 1.6 10-19c 

repulsive interaction 

2 

= 14.42 eVA 4SCo 
h = 459.5 tV 
ro = 0.328 A 
d = 0.6 A 

he-‘/’O 
length of the dumbbell XY - 
Kinetic parameters 

masses m+= m-= 25 u.ma 
d 2  inertial moment R U N A I = 2 x r n - q  

d 2  R U N B I = 1 6 X m _ -  4 
of the dumbbell 
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MOLECULAR DYNAMICS OF AN ODIC PHASE 

TABLE I1 

Some thermodynamic characteristics of the two molecular dynamics runsa 

311 

R U N A  310 -7.442 3.68 0.39 0.35 

RUN B 390 -7.425 4.49 0.36 0.33 
(0.160) (0.160) 

(0.162) (0.162) 

'Temperature T,  mean potential energy per formular unit U/N, the two 
dimensional pressure factor PS/NkT and the mean square displacements \i(.:> 
and F u-) . The values given in parenthesis for the mean square displacement 
corresponds to the values obtained at the same temperature for the ordered 
ferroelastic structure in the harmonic approximation. 

Debye Waller factor in the plastic phase being due to the large low 
frequency displacements of the centers of mass involved in the reorien- 
tation processes owing to the steric hindrance in the crystal. 

c) the dynamical behaviour of the simulated crystal was investigated 
through a set of collective wave vector dependent variables which were 
chosen to be 
either translational variables 

or R rotational variables 

(11-1) 

(11-2) 

L labels the N different unit cells in the original sample, + 
or - indexes the two ions in the unit cell, 

u *( L, t )  is the displacement of the center of mass of the L + - ions, 
from its mean position XL,, 

and 8, is the angular coordinate of the dumbbell XY- of the L 
cell. 

Let us simply recall here that we have shown in I that the mean 
position xL, form a square lattice, and that the dumbbell XY- have 
two preferred orientations which in the crystal square axes are the 
directions [ll] (i.e. 8 = a/4 modulo a) and [IT] (i.e. 8 = 3a/4 
modulo a). We have also shown in I, that the most interesting 
orientational functions f (  OL) fall into two categories: those which, as 

- 
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312 M. WINEC 

cos 28,, essentially show the librational motion of the dumbbells 
around their preferred orientations and those which are essentially 
sensitive to the reorientational motions, like sin 20, or, even better, the 
associated pseudo spin: 

a,(L) = a2( e,) = 1 x sign of sin(28,) (11-3) 

Now the size of the orignal sample being 10 X 10 unit cells, the 
different wavevectors available from the molecular dynamics data 
form a sublattice of the reciprocal space, the spacing of which is one 
tenth of the reciprocal Bravais lattice. The treatment of molecular 
dynamics data then essentially consist in computing the average 
correlations. 

@ + ( a t  + 0 )  (11-4) 

( I ( &  t + T ) , f * ( 9 ,  t ) )  (11-5) 

and their Fourier transform (via an FFT procedure) to get the 
translation and orientational power spectra 

111. THEORETICAL TREATMENTS, A VERY BRIEF REVIEW 

As mentioned in the introduction, from a theoretical point of view, the 
description of the dynamics of plastic crystals is extremely difficult. 
Indeed, 

rn small (librations) and large (reorientations) angular rotations have 
to be considered at the same time, 

rn reorientation-translation coupling involves important changes in 
the positions of the centers of mass so that small and large amplitude 
motions of the latter have also to be considered simultaneously. 

The analysis of the dynamical data usually relies on the over-sim- 
plified pseudospin-phonon linear coupling theory of Glauber-Kubo, 
Yamada et aL4. Because of its great simplicity and of its ability to 
serve as a guideline for the description of our results we recall here 
some of the main features of this theory. 
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MOLECULAR DYNAMICS OF AN ODIC PHASE 313 

Following Yamada et aL4 the free energy of the coupled pseudo- 
spin-phonon system is written under the form 

(111-1) 

where 
u,(q) is the normal coordinate of a phonon (indexed with the wave- 

a( q )  is a collective pseudospin variable, spatial Fourier transform of 

The first term in (111-1) is the usual free energy of a phonon system, 
the second term representing the free energy of the pseudospin system. 
Following Glauber and Kubo master equation technique, g ( q )  may 
be written as kT - J( q) where J(  q )  represents in their original work a 
bilinear coupling between the pseudospin. In fact, for a limited range 
of temperature, even when this coupling has a more complex form, 
J( 4 )  can be viewed as a renormalized effective, temperature depen- 
dent, coupling coefficient. The last term of 111-1 represents an as- 
sumed bilinear coupling between the pseudospin and the phonon 
variables. The numerical relative importance of this linear coupling 
term strongly depends on the problem under study and will be shortly 
discussed at the end of this section. 

If one assumes, for the pseudospin, a diffusive dynamics with a 
relaxation time ro, the Green functions for the coupled system are 
found from the inverse of the following dynamical matrix 

vector p and a branch index j )  

11-3. 

with 

yo = kTro (111-2b) 

Here and in the following, we have dropped the j index of the 
coupled phonon branch and written simply wg for the bare phonon 
frequency wj ( i j ) .  Thus, the Fourier spectra Z(q, w )  and U(q, w )  of 
respectively the spin-spin correlation functions and the phonon-pho- 
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314 M. W I N E C  

non correlation functions are given by: 

(111-3a) 
kT 

Z ( q , w )  = ;ImG,,,(ij,w) 

and 
kT 

U ( q , w )  = -ImGuu(w) 
w 

(111-4a) 

(111-4b) 

(111-4~) 

These formulae are essentially useful in two extreme regimes: the 
case of fast relaxation of the spin system (o~T,, << 1) and the case of 
slow relaxation (uqro >, 1). 

In the case of fast relaxation (wqro << l), the spin system follows 
adiabatically the phonon response. The damping term yow/g( 4 )  in 
1111-4b is unimportant and there is a critical softening of the frequency 
of the slow phonon strongly coupled to the reorientation motion. 

In the case of slow relaxation ( w q ~ o  >> 1) the phonon system propa- 
gates into an essentially fixed disordered crystal. The phonon response 
functions U( q, w )  exhlbits the characteristic three peaks structure with 
a quasi unshifted phonon side peak in addition to a central resonance 
which appears also in the pseudospin response function 2( q, w ) .  
Formulae (111-3b) and (111-4c) show that in that case 2(q, w )  and the 
central component of U( i j ,  w )  have parallel lorentzian lineshapes: 

1 4 4 )  
w << wq Z( q, w )  = 

- 1 ( g ( q )  - d ( q ) d * ( q ) )  1 + w 2 T 2 ( q )  

2 w-  4 kT 

(111-5) 
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MOLECULAR DYNAMICS OF AN ODIC PHASE 315 

and 

w -=Ic 0,u(q,w) = - 1 d ( d d * ( d  2 qq+) (111-6) 
w’ 0- 

4 4 

with an effective correlation time 

We shall see in the following sections that, roughly, our simulated 
system realizes either the case of slow relaxation ( ~ ~ 7 ~  >> 1) or the 
more complex intermediate case which corresponds to the conditions 
ago = 1. In fact, the limited size of the simulated sample does not 
allow to reach cases of fast relaxation which should obviously occur 
for very small wavevectors. 

Let us finally discuss briefly the microscopic origin of the three 
types of terms which appear in 111-1. 

The first term is a direct, spin independent, displacement-dis- 
placement interaction, and we shall see in IV-b how this quantity can 
be actually computed in our model. 

The value of the coefficient d ( q )  can be obtained by using the 
more sophisticated theory of Michel and Na~dts.’ ,~ In view of its 
relative complexity the calculation is done in the Appendix, where it is 
shown that the function sin28 (which does not much differ from the 
pseudospin 11-3) couples merely to the acoustic phonons, this coupling 
having the form 

+ sinLcos-u~(q))sin28 4 a clra (111-8) 
2 2 

The microscopic origin of the direct i j  dependent spin-spin 
interaction which appears in (111-1) presents a more important diffi- 
culty. Indeed, the type of interactions (Born Mayer interaction be- 
tween the ends of the dumbbells and the A+ ion) used in our model 
does not lead to a direct interaction between neighbouring spins. 
Furthermore, the Michel and Naudts formalism leads, in the original 
form (see A-4 and A-26) to a purely local ( i j  independent) interaction 
between the spins. Nevertheless, as we shall see in parts V and VI, the 
use of the theoretical results of this section in the interpretation of our 
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316 M. W M E C  

numerical results implies a dependence and a strong anisotropy of 
J ( @ .  This means that the effective J ( @  that we shall use in the 
discussion of our simulation cannot be derived, from our microscopic 
model, by the simple theories presently available. 

IV. THE PHONON LATTICE MODES 

a) The computed displacement - displacement correlation functions 

The transverse and longitudinal displacement-displacement correla- 
tion functions U:( q, w )  have been computed for ij wavevectors along 
the [lo] and [ l l ]  directions. For example, Figure 2 shows the correla- 
tion functions relative to the transverse motion of the A+ ions with 
wavevectors parallel to the [lo] direction. The phonon lattice modes 
appear generally as relatively well defined underdamped resonances of 
the response functions U(q, a) though some of them have a rather 
important linewidth. The main exception to this rule is the lowest 
transverse acoustic mode in the [lo] wavevector direction ( a  = [0.1.0] 
in unit of 277/a) which, in the case of RUN A, is lost in the wing of a 
central resonance. In fact an important central resonance appears in 
addition to the phonon peak in all the transverse spectra relative to the 
[lo] wavevector direction. A far less important central peak appears 
also in the longitudinal [ l l ]  spectra when the wavevector is nearly 
halfway to zone boundary. This central resonance reflects the impor- 
tance of the coupling between the reorientational motion and the [lo] 
TA phonons. The phonon reorientation coupling is indeed responsible 
for the anomalous behavior of the [lo] TA phonon branch that we 
shall describe in IV c. First, we shall comment in IV b about the 
dispersion curves and phonon linewidths for the other branches which 
are not (or only weakly) coupled to the rotational motions. 

b) Behaviour of the “normal” phonon branches 

The dispersion curves and linewidths of the lattice modes are shown in 
Figure 3a (RUN A) and 3b (RUN B). It appears that, except for the 
low frequency [lo] TA branch, these dispersion curves are well defined 
and very reminiscent of that of the low temperature phase. This result 
can be easily explained as follows. In our model, the force constants 
relative to the centers of mass motion are largely dominated by the 
long range Coulomb interactions wluch do not depend much on the 
local arrangement of the ions. The influence of the disorder appears 
mostly through the short range repulsive Born Mayer potential which 
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MOLECULAR DYNAMICS OF AN ODIC PHASE 317 

c m-1, 

FIGURE 3a The translational phonon dispersion curves in the case of RUN A. The 
vertical bars represent the FWHM of the phonons peaks in the molecular dynamics 
experiment while the drawn dispersion curves represent the mean field results for the 
phonon frequencies. The full lines drawings are related to the transverse phonons while 
the dashed line drawings concern the longitudinal ones. 

FIGURE 3b The translation phonon dispersion curves in the case of RUN B with the 
same conventions as in Figure 3a. 
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318 M. WINEC 

in our calculation acts only between nearest neighbour ions. Thus the 
effect of disorder on the phonon frequencies can be viewed as a 
perturbation with respect to the dispersion arising from the long range 
Coulomb interactions. With respect to that point of view, a zero order 
approximation for the phonon frequencies can be estimated in the 
following way: the equilibrium position of the centers of mass are 
assumed to be the mean square lattice positions and average harmonic 
force constants relative to the translational displacements are then 
derived from an averagmg over the orientations of the XY- dumb- 
bells.?$ T h s  calculation leads to the dispersion curves which have 
been drawn as continuous lines in Figures 3a and 3b. For each value 
of the wavevector q, and each “normal” phonon branch, the related 
phonon frequency fits well with the maximum of U ( q ,  a) and can be 
viewed as an estimation for the bare phonon frequency a,(q) intro- 
duced in (111-1). 

The linewidth of the phonon modes in the simulated plastic crystals 
has two distinct origins. The first one is related to the static aspect of 
the structural disorder (the plastic crystal being thus viewed as a 
molecular glass whch is equivalent to postulating a slow relaxation 
regime), the other one being the lifetime of the structural fluctuations. 
Without relying on sophisticated methods, a direct measure of the first 
effect can be obtained by comparing for a given value of the wave- 
length ([@, the phonon frequencies obtained in the ferro distorted low 
temperature structure for two perpendicular directions of the wavevec- 
tor. Ths  should gwe an upper limit for the influence of the disorder, 
all the spins being in the ordered structure aligned in the same 
orientations. T h s  procedure has been applied e.g. for wavevectors 
parallel to the directions [ll] and [li] (see Figure 4). For each 
wavelength and each polarization, the difference (w, , (q )  - w , j ( q ) )  is 
roughly proportional to the phonon linewidth (FWHM) obtained in 
the molecular dynamics simulation, even when this difference is large 
(typically, the ratio 2 ( q , ( q )  - a l i (q ) ) / (a11(q )  + a,T(q)) may be of 
the order of 25%). With such an influence of the static aspect of the 
disorder on the phonon linewidth, the lifetime effect does not play an 
important role. The mean residence time of a molecule in its orienta- 

+In our model, each ion is considered as an electrostatic monopole so that the 
averaging over molecular orientations concern only the short range (nearest neighbour) 
repulsive Born Mayer potential. 

$The averaging over molecular orientations should in principle involve the probability 
density function P ( 0  ) derived in I from the molecular dynamics data. To make things 
easier we. here. have only taken into account the two most probable orientations [ll] 
and [IT]. a simplification whch should not change the result much. 
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MOLECULAR DYNAMICS OF AN ODIC PHASE 319 

,crn-l 

longitudinal phonons transverse phonons 

FIGURE 4 full line:-vertical bars: FWHM of the phonon peak in the molecular 
dynamics experiment (RUN A) for ij//[ll]-mean field dispersion curves for q//[ll]; 
dotted line: dispersion curves of the ferroelastic ordered structure for wavevectors 
along the [ll] direction. dashed line: dispersion curves of the ferroelastic ordered 
structure for q wavevectors along the [ l l ]  direction. 

tional potential well is approximately 1.3 pcs for RUN A (see I )  and 
turns out to be 2.3 pcs for RUN B. This yields an additional 
contribution to the phonon linewidths of a few cm-’, contribution 
which is negligible compared to linewidths arising from disorder 
effect. 

c) Behaviour of the [lo] TA branch 

The theory of Yamada et a/., briefly reviewed in part 111, implies that 
the phonon branches couple strongly to the reorientational processes 
whenever the coupling coefficient d , ( @  is “important”. A look at the 
Figure 5a helps in understanding why this is precisely the case for the 
[lo] TA branch: the transverse phonons propagating in the [lo] 
wavevector directions induce a shear distortion of the centers of mass 
lattices which obviously favors the reorientation of the dumbbells 
lying at the node of displacements. This geometrical argument is in 
agreement with the analysis of K. H. Michel which provides for the 
[lo] TA phonons a coupling coefficient (giuen in 111-8) which is 
maximum for zone boundary phonons. The coupling coefficient 
vanishes as 141 goes to zero however this does not imply that the effect 
of the coupling vanishes as 141 goes to zero. In fact, formula 111-8 
shows that, for each given wavevector direction in the small wave- 
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3 20 M. W M E C  

FIGURE 5a The displacement scheme of the A' ions for a transverse phonons 
propagating along the [lo] direction. 

FIGURE 5b The displacement scheme of the A' ions for a longitudinal phonons 
propagating along the [11] direction. 
/ti both The A' ions are represented in their mean position forming a square lattice 
and the arrows figure their dsplacements. The XY dumbbells are represented by a 
heavy bar in the preferred orientation which is favoured by the displacement, the two 
preferred orientations are drawn with dash lines when no one is favoured. 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 1

3:
23

 2
0 

Fe
br

ua
ry

 2
01

3 



MOLECULAR DYNAMICS OF AN ODIC PHASE 321 

length limit, d. (q )  is proportional to 141 so that the characteristic ratio 
d,( i j )dy(  i j ) / $ (  i j ) ,  appearing in formulae 111-5, 111-6 and 111-7, be- 
haves smoothly in the zone center region.? 

Leaving for the part V, the discussion of the central resonance 
which appears in the response function U(q,  a), we focus here on the 
phonon peak. The linear coupling theory of Yamada provided in the 
case of slow relaxation ( w~T,, >> 1) a quasi unshifted phonon peak and 
a critical softening of the phonon frequency in the case of fast 
relaxation (w~T,,  << 1). In the intermediate case ( w g 0  = 1) both the 
phonon frequency and the linewidth are strongly affected by the 
coupling. The behaviour of the [lo] TA phonons in our molecular 
dynamics simulations is shown on Figures 2a and 2b where the 
transverse displacement-displacement response function V( 8, w ) are 
drawn for each accessible wavevector in the [Ol ]  direction and in 
Figures 3a and 3b where the actual phonon frequencies can be 
compared with the results of the orientational mean field calculation. 

In the case of RUN A, the lowest TA mode (for 4 = [0.1,0] in unit 
of 27r/a) is lost in the wing of the central peak and there is a softening 
of the [lo] TA frequencies with respect to the meanfield results which 
extends up to the zone boundary. In the case of RUN B, this softening 
of the [lo] TA frequencies concerns only the long wavelength phonons 
(the two smallest accessible wavevectors). 

In both cases, the phonon linewidth appears to be greatly enhanced 
whenever the phonon frequency matches with the librational frequen- 
cies. (The librational modes, which can be studied from the response 
functions of the collective variables associated with the orientational 
variables cos 28, show no wavevector dependence and the librational 
density of states has been drawn on Figures l a  and l b  in both cases of 
RUN A and RUN B. From I, we know that the linewidth of the 
librational density of states arrives mostly from static disorder effect.) 
This experimental correlation between phonon linewidth and libra- 
tional density of states indicates the existence of a coupling between 
the [lo] TA phonon and the librational modes. As the large amplitude 
librations participate strongly to the reorientational processes, this fact 

?The small central resonance appearing in the longitudinal response function U( r f ,  w )  
for ij wavevector parallel to the [ll] direction shows that the [ll] LA branch is also 
slightly coupled to the rotations. Formula (111-8) shows that this coupling is maximum 
for the wavelengths which are halfway to zone boundary and Figure 5b shows that the 
corresponding phonon induces a breathing of the diagonal of the A +  cage. However, the 
rotation-translation coupling is far less important in the case of the [ll] LA branch than 
in the case of the [lo] TA branch, partly because the geometrical coupling factor is 
weaker and partly because the bare phonon frequency of the [ll] LA branch are higher 
than those of the [lo] TA branch. 
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3 22 M. WINEC 

is in agreement with the general ideas of a reorientation-translation 
coupling theory. 

Clearly, in the case of RUN A, the light moment of inertia of the 
dumbbell implies for the reorientational processes characteristic times 
T~ matchng with the condition 0 ~ 7 ~  = 1 over the whole [lo] TA 
phonon branch. On the contrary, in the case of RUN B, the reorienta- 
tional processes are slowed down by the high moment of inertia of the 
dumbbell so that the condition O ~ T ~  is fulfilled only for the long 
wavelength phonons. In that case, the [ O l ]  TA zone boundary phonons 
are still coupled to the rotational motion; however, they realize in fact 
a regime of slow relaxation (ago >> 1). 

V. ORIENTATIONAL CORRELATIONS 

The correlations between neighbouring molecule orientations appear 
for instance in the spatial correlation Z,( L )  of the orientational 
pseudospin variable a,( L )  defined in (11-3) 

a?( L )  = 1 x sign of sin(28,) 

The pseudospin a,( L )  takes only two values k 1 depending on which 
one of the two preferred orientations is actually the nearest from the 
instantaneous position of the molecule. The use of t h s  function is in 
fact an efficient way of smearing out the librational oscillations in 
order to focus on the instantaneous equilibrium orientations and on 
the large reorientational motions of the molecules. The molecular 
dynamics results for the spatial correlation Z , ( L )  appear in Table 
IIIa for RUN A and IIIb for RUN B, where the average square 
symmetry of the simulated sample has been a priori taken into 
account to improve on the statistics. These correlations appear to be 
very anisotropic and the presence of strong positive values along the 
[lo] and [ O l ]  directions shows that the system tends to develop, along 
these directions, chains of ferro orientational ordered molecules. This 
result is, of course, not surprising in view of the instantaneous 
configurations of the simulated sample analysed in I: the structural 
fluctuations in the disorder system tend to locally reproduce the shear 
ferro-elastic distortion of the low temperature structure, and this 
distortion is obviously related to a ferro orientational ordering of the 
molecules along the [lo] direction. 
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MOLECULAR DYNAMICS OF AN ODIC PHASE 

TABLEIII 

Spatial orientational correlation function Z,( L,, L,,). 

IIIa for RUN A 

323 

0 1 2 3 4 5 

0 1 0.218 0.157 0.125 0.100 0.092 
1 - 0.033 - 0.018 0.006 0.008 0.006 
2 - 0.060 - 0.053 - 0.053 - 0.058 
3 - 0.061 - 0.062 - 0.078 
4 - 0.065 - 0.075 
5 - 0.089 

IIIb for RUN B 

k L  0 1 2 3 4 5 

0 1 0.156 0.114 0.088 0.067 0.069 
1 - 0.059 - 0.023 0.002 -0,001 0.006 
2 - 0.050 - 0.038 ~ 0.037 - 0.031 
3 - 0.039 - 0.043 - 0.036 
4 - 0.054 - 0.043 
5 - 0.023 

These spatial correlations reflect static properties of the system, they 
do not depend on the value of the moment of inertia and the results of 
the two runs can be compared: the correlations appear slightly more 
important in the case of RUN A which corresponds to a lower 
temperature (300 K) than in the case of RUN B (400 K). Assuming 
for the correlation function an exponential decay ( Ae-ILrI /E) ,  one 
obtains a good fit of the numerical data with the following value. 

X = 0.32 5 = 2.6 a for RUN A ( T  = 300 K) (V-2a) 

A = 0.23 5 = 2.6 a for RUN B ( T  = 400 K) (V-2b) 

These results exhibit a normal increase of A ( T )  when the temperature 
approaches the ferroelastic transition and a surprising constant corre- 
lation length 5, which is far from an usual mean field behaviour. 
Nevertheless, these numerical results must be considered with some 
caution in view of the small size of our sample Indeed, the above 
values of .$ imply that the exponential Ae-ILx1/5 is still far from zero 
when IL,I is half of the sample side length (i.e. when IL,I = 5a), and, 
more precisely, the above results (V-2a) and (V-2b) arise from a fit of 
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324 M. WINEC 

the numerical data through the formula: 

The effect of having a correlation length leading to static correlations 
which extend over more than half the size of the sample may lead to 
some spurious results whch have not yet been analysed. 

From a more fundamental point of view related to the structure of a 
plastic phase, the relative importance of those spatial orientational 
correlations in our simulation is partly an artefact arising from the low 
dimensionality of the system. In our two dimensional system, the 
molecules have only two possible preferred orientations (they have six 
ones in the real 3d cubic cyanide) and the steric hindrance in a two 
dimensional place is such an important constraint that even an indi- 
rect interaction (in our system the steric hmdrance is only represented 
by the A'- XY- repulsive force) is sufficient to induce strong orien- 
tational correlations which are certainly less important in a real 3 
dimensional case. In the framework of the linear coupling theory 
recalled in part 111, these strong orientational correlations are de- 
scribed through a direct bilinear spin-spin interaction with an effec- 
tive coupling coefficient J(  q )  (cf. formula 111-1 ). This effective 
spin-spin interaction can be thought as a renormalized term deriving 
from the non-linear part of the rotation-translation coupling. How- 
ever, there is, for the moment, no theoretical predictions for the 
wavevector and temperature dependence of the coefficient J(  4) .  Thus 
it is not clear to decide whether the temperature independent correla- 
tion length (( T )  is simply the result of the small size of our sample or 
if it is also related to the temperature variations of the effective 
spin-spin interaction. 

VI. COLLECTIVE REORIENTATIONAL MOTIONS 

To investigate the collective behaviour of the reorientational processes 
we have computed the power spectra S2(q ,  w )  and Z,(cf, w )  of the 
collective, wave number dependent, variables s2( cf) and a2( cf ) associ- 
ated respectively with the reorientational variables sin 28, and u2( L): 
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MOLECULAR DYNAMICS OF AN ODIC PHASE 325 

9 
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i ', 

with (VI-2) 

For each value of p these spectra consist essentially of a central peak 
and, as expected, whatever is q, the two functions S,(q,  w )  and 
Z,( ij, 0) have the same lineshape within numerical errors. The main 
result of this section concerns their linewidth: the rotational spectra 
are actually found to be significantly narrower for the wavevector 
parallel to the [Ol] or [lo] directions (which are precisely the privileged 
directions for the orientational correlations) than in any other direc- 
tion. This is exemplified on Figure 6 where the power spectra S,( 4, a) 
relative to the wave-vectors ij = 2n/a (0.1,O) and 4 = 2n/a (0.1,O.l) 
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326 M. WINEC 

are represented as well as the individual rotational correlation func- 
tion S2(o) .  

This slowing down of the orientational fluctuations for wave-vectors 
parallel to [ O l ]  is obviously related to the rotation-translation cou- 
pling. T h s  has been checked by looking for a central resonance in the 
displacement-displacement response functions U( 4, a). As previously 
said in part IV, such a central component arises, very important, in the 
transverse response functions for 4 wavevectors parallel to the [lo] 
direction and, far less important, in the longitudinal response func- 
tions when 4 is nearly half way to zone boundary along the [ll] 
direction. The existence of such polarization effects in the translation- 
reorientation coupling was predicted by the analysis of our system via 
the K. H. Michel method (cf. 111-8) and the Figures 5a and 5b help in 
understanding the physical origm of this selective rotation-translation 
coupling. 

The translation-rotation coupling implies that the orientational cor- 
relation function and the central peak of the displacement-displace- 
ment response function should have the same lineshape for each value 

TABLE IV 

Correlation time T (  i j )  for 4 along the direction [lo]” 

IVa is relative to RUN A 

41 0.1 0.2 0.3 0.4 0.5 

T ’ : ( 4 )  0.80 0.95 0.95 0.96 0.78 
Ts:( 4 )  0.81 0.90 1.02 0.95 0.86 
TC ((I) 0.72 0.88 1.02 0.92 0.83 

T~~~~ = 0.8 

IVb is relative to RUN B 

9, 0.1 0.2 0.3 0.4 0.5 

TXZ( 4 )  2.59 2.43 2.24 1.80 1.24 
TS2( 4 )  2.62 2.50 2.31 1.84 1.26 
T i  ( q )  2.55 2.51 2.30 1.85 1.27 

= 1.6 

(5). (I) and T ~ (  (I) are the correlation time deduced from the 
fit with the Lorentzian 1~/(1 + w ~ T ’ )  of respectively: (a) the rotational 
power spectra 2,(ij. a). (b) the rotational power spectra S2( 4,  a), (c) 
the low frequency central component of the power spectra U ( g , w )  
relative to the transverse displacement of the A’ ions. T ~ ~ , ~  is the 
correlation time of the self orientational correlation function &(a)> 
T (  4 )  is measured in lo-’’ s, 4 ,  is measured in unit of 2n /a .  
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MOLECULAR DYNAMICS OF AN ODIC PHASE 327 

of the wavevector where the latter exists. This result has been checked, 
within the numerical accuracy of our calculation (cf. Table Iv>. 

To get a more quantitative analysis of the reorientation-translation 
coupling we have fitted, for each wavevector ij parallel to [lo], the two 
rotational spectra Z2(q, w )  and S,(q,  w )  and the low frequency com- 
ponent of the transverse displacement-displacement spectra U,( 4, w ) 
with a Lorentzian curve 1 ~ / 1  + w2r2 .  Tables IV and V gve respec- 
tively the correlation times T ~ ~ (  i j ) ,  T ~ ~ (  q) ,  T ~ (  i j )  and the integrated 
intensity IX2(  i j) ,  Zs2(q) and I,( 4 )  provided by this treatment. 

As expected, for each wavevector 4, the three spectra Z,(i j ,w),  
S2(ij, w )  and the low frequency component U,(ij, w )  exhibit nearly the 
same correlation time which is simply called ~ ( q )  in the following. 
The numerical value of ~ ( q )  must be compared with the correlation 
time arising from the self rotational correlation function related to the 

TABLE V 

Integrated intensity for i j  along [lo] of respectively, the rotational spectra 
Z , ( p ,  w ) ,  the rotational spectra Sz(ij, w ) ,  the central component 

of the power spectra U( i j ,  w )  relative to the transverse displacement 
of the A' ionsa 

Va is relative to RUN A 

q x  0.1 0.2 0.3 0.4 0.5 

k2( i j )  383 227 253 142 196 

I S 2 ( q )  270 172 175 115 127 
S2(ij, t = 0) 225 164 177 126 129 
I" ( 15.2 2.33 1.1 0.5 0.5 
U( q, t = 0) 12.4 2.46 1.3 0.7 0.6 

Vb is relative to RUN B 

Z,(q, t = 0) 326 235 261 173 201 

q x  0.1 0.2 0.3 0.4 0.5 

Mii) 239 202 190 193 110 

Is2( 4 )  165 142 134 133 77 
x , ( i j , t  = 0) 251 225 207 208 135 

S A q ,  t = 0) 164 147 136 133 83 
I " ( a  8.3 1.9 1.1 0.7 0.5 
r / ($ , t  = 0) 9.4 2.4 0.9 0.3 0.3 

aI,z(q), I sz (q)  and I,(@ are deduced from the fit of & ( i j , y ) ,  
S2(ij, w )  and the low frequency part of U(q, w )  with the Lorentzian 
IT/(1 + w'T'). They are measured in arbitrary unit but can be compared 
with the static correlation Zz(q, t = 0), S,(& t = 0) and U(q, t = 0). q.r 
is measured in unit of 2n/a. 
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328 M. WINEC 

same angular variable sin28. This time is approximately equal to 0.8 
pcs in the case of RUN A and 1.6 pcs in the case of RUN B. The most 
strilung fact is the behaviour of ~ ( q )  as a function of the wavelength. 
In the case of RUN A, ~ ( i j )  is rather flat with a slight broad 
maximum when ij is about half way to the zone boundary. On the 
contrary in the case of RUN B T( (? )  decreases by a factor 2 from the 
zone center to the zone boundary. This behaviour is of course in 
relation with the change of the characteristic time for the rotational 
dynamics whch has occurred between the two “experiments”. This 
change appears clearly on the density of librational excitations which 
are shown on Figures l a  and l b  together with characteristic phonon 
dispersion curves. In the case of RUN A, the moment of inertia is 
small enough so that the librations (and thus the reorientations) are 
mixed up with the translational phonon nearly up to the zone 
boundary. In the second experiment (RUN B) the rotational dynamics 
is slowed down by a heavy moment of inertia of the molecules and 
only the phonons near to the zone center can be efficiently coupled to 
the orientational processes. In other words, the effective reorientation- 
translation coupling involves a balance between the geometrical aspect 
of the coupling potential which favors the zone boundary TA [lo] 
phonon and the dynamical matching between the phonon frequencies 
and reorientational times which occurs only for the phonons near the 
zone center. 

In Table V, the integrated intensity of the lorentzian extracted from 
our numerical fit I Z 2 ( g ) ,  I S 2 ( 4 )  and I J 4 )  is compared with the real 
integrated intensity of the power spectra Z,( 4,  w ) ,  S,( 4 ,  w )  and 
U , ( q , w )  (which are simply given by the t = 0 values of the corre- 
sponding correlation functions). The general agreement between these 
values shows the validity of our numerical fit. Besides these integrated 
intensities reflecf, as already discussed in V, static quantities which are 
independent of the moment of inertia and the differences between the 
two runs only reflect the difference in temperature between the two 
cases. 

It is finally important to compare our numerical results with the 
theoretical model of section 111. In the slow relaxation regime this 
model predicts, on top of the proportionality between U( 4,  w )  and 
Z( q, w )  (which is general for any linear model and has been checked 
above), the value of the proportionality constant 

(VI-1) 
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MOLECULAR DYNAMICS OF AN ODIC PHASE 329 

and the variation of the relaxation time 7 ( q )  with q 

For the [lo] TA branch, the value of d j ( q )  given in 111-8 predicts 
that dj (  4 )  is roughly proportional to q nearly up to the zone boundary, 
while w j ( q )  is also proportional to q. This means that the coefficient 
of proportionality in (VI-1) should behave as qP2, while ~ ( q )  should 
decrease with q as Id j ( i j ) l2 /w/2( i j )  is roughly independent of q and 
g ( q )  = kT - J ( q )  is minimum for q = 0 (maximum of the spin-spin 
correlation function). 

Both these predictions are approximately fulfilled for RUN B where 
~ ( q )  decreases with q, and U , ( i j , w ) / Z ( i j , w )  behaves as q - 2  for 
q 2 0.3 u (see Tables IV and V). They are, on the contrary not 
fulfilled for RUN A, ~ ( q )  being maximum for q = 0.3 X 277/a. These 
results are clearly in line with our analysis of the dispersion curves for 
the T.A. branch. We already argued in section IV that the slow 
relaxation regime ( ~ ~ ( i j ) ~ ~  >> 1) was never achieved in the case of 
RUN A, while this regime was obtained for the T.A. branch for 
q 2 0.3 X 2 r / u  in the case of RUN B. 

We thus obtain here an internal consistency of our results, which we 
shall briefly summarize in the conclusion. 

VII. SUMMARY, DISCUSSION AND CONCLUSION 

In this paper, second of a series devoted to a molecular dynamics 
study of a two dimensional model of an ODIC phase, we have 
addressed ourselves to the collective static and dynamical properties of 
our model. Three aspects of the problem have been studied here. The 
collective motions of the centers of mass (acoustical and optical 
phonon branches), the collective reorientational motions of the mole- 
cules, and finally the reorientation-translational coupling problem. 

The centers of mass motion has been found to be well described 
by a mean field theory, leading to well defined dispersion curves: the 
rather important phonon linewidth is essentially due to the static 
aspect of the disorder, characteristic of the plastic phases, the dynami- 
cal aspect of this disorder playing here an unimportant role. 

0 The model under study exhibits large orientational correlations 
along the [lo] or [Ol ]  directions. The corresponding dynamical correla- 
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330 M. YVINEC 

tions functions are well represented by Lorentzian, characteristic of 
collective reorientational processes describable in terms of a single, ij 
dependent, relaxation time. 

0 The model exhibits a strong orientational-translation coupling 
which appears in various properties: a large anomalous Debye Waller 
factor, a softening of the [lo] TA branch with an anomalous width of 
the corresponding phonons and the existence in the [lo] transverse 
displacement-displacement response functions of a well defined central 
peak the behaviour of which is parallel to that of the reorientational 
correlation functions. This coupling is in turn responsible for the static 
correlations between the orientation of neighbouring molecules, as our 
model does not contain a direct coupling between these orientations. 

We have also tried to analyse our data through the available 
theories pertinent to our problem. We have shown that the elementary 
approach of Glauber, Kubo, Huber and Yamada, which takes into 
account a bilinear coupling between a spin variable (which grossly 
describes the orientation of the dumbbell) and the center of mass 
motion can serve as a guide line to describe our results. Whenever the 
slow relaxation condition w , ( i j ) ~ ~  B 1 is met (where w j ( i j )  is the 
frequency of a translation phonon which couples to the reorientation 
process, and 70 a mean life time of the spin in a given orientation), the 
results predicted by this theory are semi quantitatively obtained; 
results in qualitative agreement with this approach were also obtained 
for w, ( i j )~ , ,  = 1. 

The theoretical basis of the preceding theory is nevertheless very 
weak for at least three different reasons: 

a) it is a phenomenological theory, and thus it contains no proce- 
dure to compute the relevant quantities, in particular both the 
spin-spin and spin-phonon coupling parameters. 

b) this theory artificially decouples the small amplitude motion of 
the centers of mass in the phonon regime and the large amplitude 
displacements of the same centers of mass related to the reorientation 
processes and the same is true for the orientational motion. 

c) the translation-orientation coupling is linear in the displacement, 
a point which is partly (but only partly) related to the previous one. 

The purpose of Michel, Naudts and de Raedt analysis can be seen 
as an effort to put this theory on a more quantitative basis, by 
providing a definite method for computing the relevant parameters of 
the theory, and a technique for deriving the correlation functions 
without a priori assuming a master equation for the orientational 
probability distribution function. We have in fact used their technique 
to evaluate the spin-phonon linear coupling parameter (see 111 and the 
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appendix) and so obtained qualitative agreement between the proper- 
ties of our model and our molecular dynamic calculations. Unfor- 
tunately, by retaining only a term linear in the center of mass motion, 
this theory leads to a purely local spin-spin coupling, which does not 
fit at all with our results, and also predicts a temperature for the ferro 
elastic transition which is too high by a factor larger than 2 (see 
Appendix). 

The inclusion of an orientation-translation coupling, quadratic in 
the translation variable is the most evident modification of the Michel 
et al. theory which could lead to a realistic evaluation of the effective 
orientation-orientation coupling coefficients. It is presently consid- 
ered that such a modification provides a substantial improvement for 
the three dimensional case of NaCN ( K .  H .  Michel et al., private 
communication). The corresponding calculations, even in a two dimen- 
sional case, are already very lengthy and have not been performed yet. 

In the absence of such results, it is not clear whether an expansion 
of the atomic displacement restricted to the first terms of this series is 
sufficient to describe both the phonon part and the reorientation- 
translation coupling, as it is implicitly assumed in the phenomenologi- 
cal theory. Simultaneously, it means that there is, for the time being 
no theoretical results to compare with our molecular dynamics data 
for the w , ( i j ) ~ ~  = regime. 

Finally, the present paper has been completely devoted to the 
collective aspects of the residence time of the molecule in the “bottom 
of its potential well”. The study of the two different runs has clearly 
demonstrated that the reorientational process is strongly related to the 
librational motion of the molecules. Nevertheless, the present study 
casts no light on the local processes which allows a molecule to 
overcome the steric hindrance due to the neighbouring atoms, or to 
stabilize finally in a new orientation. The study of the angular trajec- 
tory (see Figure 5a and Figure 5b of I) show that a gven molecule can 
perform many a/2 rotations before falling into a new potential well, 
and ths  tendency seems more important, as the moment of inertia 
increases. A more sophisticated analysis of the reorientational process 
of the molecules and of the role of the local environment is thus 
clearly needed and will be the subject of a third paper of this series. 

APPENDIX 

We show here how the theory of K. H. Mi~hel’.~ for rotation-transla- 
tion coupling can be applied to our two dimensional specific system. 
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332 M. WINEC 

In this theory, the orientational dependent part of the potential is 
expended in terms of the center of mass displacements, and the linear 
term of this development is, in turn, expended in terms of symmetry 
adapted function of the molecular orientations. This leads to a cou- 
pling potential which is bilinear in the center of mass displacement 
and in the orientational coordinate. Applying this scheme to our 
system, we gtve an estimation for the linear coupling coefficients. This 
treatment allows to evaluate first the softening of the acoustical [lo] 
TA branch and second the transition temperature to an orientationally 
ordered phase. However the transition temperature provided by th s  
method is in fact inconsistent with the behaviour of the system known 
from the numerical experiments. 

a) The bilinear rotation-translation coupling term 

In our system, the orientational dependent part of the potential arises 
uniquely from the short range repulsive interaction and writes 

with the following conventions 
the two (A+ and XU-) ions in each unit cell L are labelled L +. 
the vector R , (L) gives the position of the centers of mass whch 

can be expressed in terms of the equilibrium position x, (L) plus the 
displacement U ,( L )  

- 
R * ( L )  = X * ( L )  + l i , ( L )  (A-2) 

the vector c?( L )  of coordinates ( d / 2  cos B L ,  d / 2  sin 0,) gives the 
position of the ends of the dumbbell ( L - ) .  

The sum over L runs over all the unit cell of the sample, while the 
sum over L' is restricted to the cell including the nearest neighbour of 
the ( L - )  ions. 

Following K. H. Michel, t h s  potential is expended in terms of the 
displacements E+(L).  The zero order term depends only on the 
molecular orientations: 

'R = c v R ( L )  
L 

with 

(A-3) 
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MOLECULAR DYNAMICS OF AN ODIC PHASE 333 

On our two dimensional system, the symmetry adapted functions 
for the molecular orientations are simply the trigonometric function 
cosne and sinne. Owing to the square symmetry of the lattice of 
equilibrium center of mass position, the development of this term 
writes simply 

(A-4) 
00 

The first order term in displacement writes: 

V,, = -cc’F(1,(LL’,8L) -(E-(L) - E+(L’)) (A-5) 
L L’ 

with 

- 
XiL’ = x- ( L )  + sd( L )  - x+ (L’) 64-7) 

Owing to the square symmetry V,, simplifies to 

L L‘ 

Now the term F(l,(LL’,8L) is expended in trigonometric Fourier 
series: owing to the head-tail symmetry of the dumbbells this expan- 
sion includes only even order terms (cos 2p&, sin 2 ~ 0 , )  and owing to 
the square symmetry of the equilibrium lattice the p = 0 term does 
not contribute to the sum in (A-8). Thus, the rotation-translation 
coupling term writes: 

v7-R = c cc’.~(L)u~~,m(LL’)c2mp(eL) (‘4-9) 
p + O L  L’ 

where a labels the Cartesian components 
m = 1,2 labels the two 2p trigonometric function: 

C,’,(e) = cos2pe and C,’,(e) = sin2pO 

and 
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334 M. WINEC 

Equation (A-9) thus provides a rotation-translation coupling poten- 
tial which is bilinear in terms of the center mass displacement and of 
the orientational variables Cz",( 6 ) .  

The next point is to perform, first, a spatial Fourier transform: 

(A-11) 

(A-12) 

(A-13) 

leading to 

and second the projection whch, at least for ij = 0 separates the 
center of mass displacement from the optic mode: 

with m = m++ m-. We finally get the translation-rotation coupling 
term under the form 

where the index p = a,o labels the optic and acoustic projection of 
the displacement. 

In our system, the four A+ ions neighbouring one XY ~ dumbbell 
are located at the vectors x + ( L ' )  - - % ( L )  = (c ,a /2 , rya /2 )  with 
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E, = +1, e y  = +1 we have 

(A-18) 

A,, and B,, can be computed from (A-6), (A-7) and (A-10). 
Of course, only the p = 1 term will have important numerical 

values (indeed, important term for higher p values would imply for 
the rotation-translation potential fast variation with respect to the 
angular coordinate which are not realistic) and with the numerical 
value of our simulation (listed in table I) we obtain 

A, = 4.41 lo-" MKSA (A-19) 

B, = 1.86 lo-'' MKSA (A-20) 

The spatial Fourier transform leads to 

pu,.,m,(g) = uF:(a 
a a a a A,,sinq,-cosq - -(-l)PB,,cosqx-sinq - 2 y2 2 y 2  

= y [ \  (-l)PAZpcosqx-sinq a - a B,,sinq,-cosq a - a 2 y2 2 y2 
(A-21) 

From the expression (A-21) of the bilinear rotation-translation 
coupling term it is clear that: 

1) in the [lo] wave vector direction (qy = 0) the reorientational 
variable sin 219 couples to the transverse ( y ) displacement mode only 
and the coupling coefficient is maximum for the zone boundary 
phonon q, = r / a .  

2) in the [ l l ]  wave vector direction (4, = qy)  the reorientational 
variable sin28 couples to the longitudinal mode and the coupling is 
maximum halfway to the zone boundary. 

These results are indeed consistent with the behaviour of our 
simulated system (cf. part IV). 
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336 M. YVINEC 

b) Softening of the shear elastic constant Cg4 and the transition 
temperature 

Still following the work of K. H. Michel we study now the static 
susceptibilities of the system in the linear response approximation. For 
this purpose, we assume that the potential energy of the system can be 
written as a sum of three terms: 

an usual harmonic phonon contribution 

1 (A-22) v, = 5-  c q - a q ( d $ ( d  
q , p = a , o  

we assume here that the acoustic and optic mode decouple which is at 
least true for small values which we are going to be interested in 
here. 

the rotation-translation bilinear coupling term derived above 

VTR = &pol( - q )  ’$$ ( q )  cz”p ( ) (A-23) 
4 

the pure rotational term VR written in (A-3) and (A-4). If the pure 
rotational term V, should be considered alone, it would lead to a static 
orientation susceptibility which does not depend on the wave vector 
and can be written: 

with 

p = -  1 
kT 

In the limit of the linear response approximation, the potential VR can 
be replaced by the harmonic term which gives rise to the same static 
correlation i.e. 

(A-26) 
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In the following we are merely interested in the anomalous elastic 
behaviour of the crystal which arises from the rotation-translation 
coupling. We are therefore interested in the long wavelength behaviour 
of correlation functions. We shall neglect the coupling of the rotations 
to the optic modes and the optic modes will be dropped in (A-22) and 
(A-23). Besides we shall in (A-22) to (A-26) retain only the rotational 
variables sin28 and cos28 which correspond to the p = 1 terms. 

Under these conditions, the potential energy of the coupled system 
reads: 

s 

C2 

(A-27) 

E(q) i q q )  
1 --I 

F'(-q) -R2 

where we have used an obvious matrix notation and dropped the 
subscript a for acoustic modes. 

Now the static susceptibilities of the coupled system are just ob- 
tained through the inverse of the matrix 

(A-28) 

Therefore, we obtain for the static displacement-displacement sus- 
ceptibility 

- - 
D - y q )  = ( s ( - q ) s ( q ) )  = [E(q) -/3a(q)R,Fy-q)]-1 

(A-29) 

and for the rotational static susceptibility I?( q) 

k T T - ' ( q )  = kTRi l  - F r (  -ij)z-'(q)fi(q) (A-30) 

As it is well known, in the long wavelength limit the static displace- 
ment-displacement susceptibility is related to the elastic constant: in a 
two dimensional system this relation reads 
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where s2 is the surface of the unit cell, and m = m++ m- the total 
mass. 

The matrix M ( q )  is related to what would be the elastic constant 
C,,,, if there was no coupling between the phonons and the reorien- 
tation (the bare elastic constant). Equation (A-29) describes thus the 
anomalous elastic behaviour of the crystal while (A-30) expresses the 
renormalization of the orientational potential owing to translation- 
rotation coupling. It should perhaps be noted here that equation (5-16) 
and (6-1) of Ref. 5 can be casted in a form similar to (A-29) and 

For a ?j wave vector parallel to [lo] ( 4 ,  = 0) and in the long 
(A-30). 

wavelength limit (qr small), we get: from (A-31) 

from (A-21) 

and from (A-25) 

(A-32) 

(A-33) 

(A-34) 

(A-35) 

where u t  is the first relevant coefficient trigonometric Fourier series of 
the probability Po( 8 ) a e - B V R ( e )  associated with the potential V R ( 8 )  

Then. equations (A-39) and (A-30) can be rewritten as 

A: 
c11 = c;l - -(2 + a,O(T)) kT (A-37) 

(A-38) 
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and 

(A-39) 

Now, there is no precise definition of what are the “bare” elastic 
constant c : ~  and c&. However, as an estimate, we can take the values 
which correspond to the mean field dispersion curves which have been 
calculated in section IV. This leads to: 

ck = 6.67 MKSA 

cyl = 20.7 MKSA 

(A-40) 

(A-41) 

which, in view of the value of A ,  and B, (giuen in (A-19) and (A-20)) 
leads to 

-- B22 - 378 K and - A’2 = 684 K 
kck kc:l 

(A-42) 

The potential V,(d) corresponding to the numerical values used in 
our calculation has been computed together with the first coefficients 
of the development (A-4). It can be, in fact, fairly well be represented 
by its two first terms: 

V ,  ( L )  = h x g  + ha:cos 48 (A-43) 

with 

All: 
- = 7 4 K  k (A-44) 

Then, equation (A-36) leads to 

(A-45) 
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where I, and Zl are modified Bessel functions of the first kind. The 
value (A-45) for a:(T), together with equations (A-38) and (A-39) 
imply that cM will reach zero and the orientational susceptibility r 
will diverge for a temperature T, which is about 700 K. This result is 
of course inconsistent with our numerical experiments where it ap- 
pears that the system was still in a disordered phase at the tempera- 
tures of 300 K (RUN A) and 400 K (RUN B). Besides, equation 
(A-38) leads to static orientational susceptibilities r which are inde- 
pendent of the wave vector, results which clearly do not fit at all with 
our numerical data for the static orientational correlations (cf. tables 
IV and v). 
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